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Abstract

We consider weak identification in the fuzzy regression discontinuity (FRD)
model. In this model, the treatment effect is identified through a discontinuity
in the conditional probability of treatment assignment. Weak identification
corresponds to the situation where the discontinuity is of a small magnitude.
When identification is weak, we show that the usual ¢-test based on the FRD
estimator and its standard error suffers from asymptotic size distortions. To
eliminate those size distortions, we propose a modified ¢-statistic that uses a
null-restricted version of the standard error of the FRD estimator. Simple
and asymptotically valid confidence sets for the treatment effect can be also

constructed using the FRD estimator and its the null-restricted standard error.
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1 Introduction

In this paper, we discuss the problem of weak identification in the context of fuzzy

regression discontinuity (FRD) design. The regression discontinuity (RD) design has
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been studied recently by Hahn, Todd, and Van der Klaauw (2001), HTV hereafter,
and Imbens and Lemieux (2008), IL hereafter. The RD framework is concerned with
evaluating the effects of interventions or treatments when assignment to treatment is
determined completely or partly by the value of an observable predictor variable. In
this framework, identification of the treatment effect comes from the discontinuity in
the conditional probability function of treatment assignment given the value of the
predictor, where the discontinuity occurs at some known point. When assignment is
completely determined by the value of the predictor, the RD design is called sharp.
The focus of this paper is the fuzzy RD design which occurs when the predictor
determines assignment only partly.

Weak identification in FRD corresponds to the situation where the discontinuity in
the conditional probability function of treatment assignment is of a small magnitude.
Similarly to the weak instruments literature (see, for example, Andrews and Stock
(2007) for a review), weak identification can be formally modelled using the local-
to-zero framework. Specifically, we assume that the discontinuity in the conditional
probability function of treatment assignment is local-to-zero.

When identification is weak, we show that the usual ¢-test based on the FRD
estimator and its standard error suffers from asymptotic size distortions with an ex-
ception to a few specific situations. For example, one can still use the usual t-statistic
when testing the hypothesis of zero treatment effect if the assignment to treatment
and outcome variables are asymptotically independent. However, in general the usual
t-test is asymptotically invalid because it can overreject the null hypothesis when iden-
tification is weak. The usual confidence intervals constructed as estimate 4 constant
x standard error are also invalid because their asymptotic coverage probability can
be below the assumed nominal coverage when identification is weak.

In this paper, we suggest a simple modification to the t-test that eliminates the
asymptotic size distortions caused by weak identification. Unlike the usual t-statistic,
the proposed modified t-statistic uses a null-restricted version of the standard error of
the FRD estimator. Tests based on the t-statistic computed using the null-restricted
standard errors do not suffer from asymptotic size distortions when identification
is weak and are asymptotically equivalent to the usual ¢-test when identification is
strong.

Asymptotically valid confidence sets for the treatment effect can be obtained by in-

verting the test based on the t-statistic with the null-restricted standard error. These



confidence sets are easy to compute as their construction only involve solving a simple
quadratic equation. Unlike the usual confidence intervals constructed as estimate +
constant x standard error, the confidence sets we propose can be unbounded with
positive probability. This property, however, is expected from valid confidence sets
in the situations with local identification failure and unbounded parameter space as
is demonstrated in Dufour (1997).

In a recent paper, Otsu and Xu (2010), propose empirical likelihood based confi-
dence sets for the RD. Their method does not involve variance estimation and for that
reason is expected to be robust to weak identification. It however requires compu-
tation of the empirical likelihood function numerically and is computationally more
demanding than our approach. At the same time, the empirical likelihood based
confidence sets are expected to have better higher-order coverage properties.

We proceed as follows. In Section 2 we describe the FRD model and present our

analytical results. In Section 3, we illustrate our results in a Monte Carlo experiment.

2 Theoretical results

2.1 Preliminaries

In the RD model, the observed outcome variable y; is written as
Yi = Yoi + i35,

where z; is the treatment indicator variable that takes on value one if treatment is
received and x; is equal to zero otherwise, yg; is the outcome without treatment,
and [, is the random treatment effect for observation . The treatment assignment

depends on another observable variable, z;:
Pr(x; = 1]z, = 2) = E (x| = 2) .

The main feature in this framework is that F (x;|z; = z) is discontinuous at some

known point zg, while F (yo;|2;) is assumed to be continuous at z.
Assumption 1. (a) lim,,, £ (z;|z; = 2) # lim,,, E (z|2; = 2).

(b) lim, ., £ (yoilzi = 2) = lim.1., E (yos| 20 = 2).



The RD design is called sharp if [lim,,, E (z;|z; = 2z) — lim,,, E (x;]z; = 2)| = 1.
In this case, the treatment assignment is completely determined by the value of z;.

The FRD design corresponds to the situation where

lim E (x;]z = 2z) — lim E (2|2, = 2)| < 1,
zTz0 zlz0
so either 0 < lim,., E (z;|z; = 2) < 1 or 0 < lim,., E (z;|z; = z) < 1 or both, and
therefore the treatment assignment is not a deterministic function of z;.
The main object of interest is the RD effect
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where
yt =lm E (yi|z = 2), rt =1lim E (z;]2 = 2),
2|20 zlz0
y~ =lmFE (y;|z; = 2), - =lim E (2] = 2).
2720 2120

The exact interpretation of 5 depends on the assumptions that the econometrician is
willing to make in addition to Assumption 1. As discussed in HTV, if 3, and z; are
assumed to be independent conditional on z;, then S captures the ATE at z; = z:
B = E(B,;|z; = z0). This also covers a special case where the treatment effect is a
deterministic function of z; in the neighborhood of zo: 8, = B (z;). In this case,
B = B (20) and it is referred to in HT'V as a constant treatment effect.

HTYV show that another interpretation for 8 can be obtained if one assumes that
in the neighborhood of zy and with probability one, z; is a non-decreasing or non-
increasing function of z;, and E (z;5,|z; = z) is constant in the neighborhood of z.
In this case, 3 captures the local ATE or the ATE for compliers, where compliers are
observations ¢ for which x; switches its value from zero to one when z; changes from
2o — e to 2o + e for some small e > 0.

Regardless of its interpretation, it is now standard to estimate 3 using the local

linear approach. Define

JOTIE . - 2 Zi — 20
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where K is the kernel function, h is the bandwidth, and the indicator functions I,

and I;" are defined as

]~_ = ]-{ZiSZO}’;

The local linear estimator of 5 is given by

~

y
b=

g

To describe its asymptotic behavior, consider the following high-level assumption.

Assumption 2. (a) The PDF of z; is continuous and bounded in the neighborhood

of zo; it 1s also bounded away from zero in the neighborhood of z.

(b) The data {(y;, zi, z;)}i_;, kernel function K, and bandwidth h are such that

=1’

gt —y" Y+ 0 o), 0h 0 0
van | T = e e
Uy —y Y 0 0 0 o0, 0w
T —a” X~ 0 0 0 o0, 0.

(c) There exist 6%,, s € {+,—} and f,g € {x,y}, such that 6%, —, o}, for all s and
f.9-

Remark. As discussed in HTV (pages 207-208) and IL (page 630), Assumption 2
is satisfied when, for example, the data {(v;,z;, z;)},_, are iid, K is a continuous,
symmetric around zero, non-negative, and compactly supported second-order kernel
function, h = cn=° with ¢ > 0 and 1/5 < § < 2/5, and provided that some additional



technical conditions hold.! In this case,

+ =
ol = ——limVar(ylz = ), 0, = lim Var (vilz = 2) ,
vy 7. (20) 212 (vil 0) W, (ZO) 120 (vil 0)
Jr
of = limVar (z;|z; = z9), 0, = ———limVar (z;|z; = 29),
Tx fz (Zo) 2120 ( ’ 0) Tx fz (z()) 2120 ( ’ 0)
+ K lim Cov (y;, xi|z; = 20) , 0, b lim Cov (y;]2; = 20)
o = iy TilZi = y Opye = 7 7 1L i|% — )
yz 7. (ZO) o Yi 0 y 7. (20) 12 Yi 0

where f, (29) denotes the PDF of z; at z = 2,

17 (fS° $*K (s)ds — ufooo sK (s) d5)2K2 (u) du

0

(fo WK (u)du [ K (u)du— ([ ukK ( )du)g)w

kt =

and &~ is defined similarly to kT but with the integrals over (—o0c,0), see Theorem 4
in HTV.

The asymptotic variance a+ can be consistently estimated by
At + —~0
Tyy = nh Z I K ( h > ’

where f.(z) is the kernel estimator of f.(z): f.(z0) = (nh)™ Yor K ((z — 20)/h).

+ — . .
22> Oy Tyys O s Oy CANL b constructed similarly.

Consistent estimators of o

When Assumption 2 holds and plim,, .., (#+ — 27) # 0, by a standard application
of the delta-method, the asymptotic distribution of the FRD estimator of 3 is given
by

Vih (B=8) —a N (0.V3). 2)
where
1

Vo= O B L b on) ~ Bt o). O

!The requirement § > 1/5 corresponds to data undersmoothing and is needed to eliminate the
asymptotic bias of the kernel estimators.



The asymptotic variance V3 can be consistently estimated by the plug-in method with

V- Gyt oy B (054 60) — 2B (55, +67))

A test of Hy : B = f3, in practice is usually based on the t-statistic

A

B =By
\/ Vi/ (nh)

and one rejects Hy when 7' exceeds standard normal critical values.

T (50) =

2.2 Weak identification in FRD

The FRD effect § is not defined if Assumption 1(a) fails and 2™ — 2~ = 0. Here we
consider the situation where g is well-defined however only weakly identified. The
issue of weak identification arises in the FRD model when the conditional probabil-
ity function of receiving the treatment has discontinuity only of a small magnitude.
Similarly to the case of weak instruments in the IV regression model, this creates the
problem of nearly zero denominator in (1) and (3). The consequence of the weak
identification is that the asymptotic result in (2) provides a poor approximation to
the actual behavior of the estimator in finite samples.

A useful device for analyzing the properties of estimators in the case of weak

identification is local-to-zero asymptotics. We make the following assumption.

Assumption 3. (Weak ID) We assume that the bandwidth h in Assumption 2 is
such that x* — = = 7w, = 0/v/nh for some constant 0.

Remarks. (a) The weak ID condition assumes that the function E (x;|z; = z) has a
discontinuity at zo of only a small magnitude. In the case of weak instruments, one
usually assumes that in the first-stage equation, the coefficient of the IVs are local-
to-zero: 6/y/n. Such an assumption results in a non-trivial asymptotic distribution
for the IV estimator. In our case, due to nonparametric rates of convergence of the
estimators, one has to consider the sequence 7, that converges to zero at 1/ V/nh rate.

(b) Note that the bandwidth A in the Weak ID condition is the bandwidth chosen
by the econometrician for the estimation of ™, 2=, y*, and y~. Thus, formally

the assumption Weak ID states that the model depends on the sample size and the



choice of the bandwidth. Intuitively, the assumption implies that the econometrician
cannot achieve identification by simply estimating z*, z~, y™, and y- using a different
bandwidth, say h*, such that h*/h — oo, i.e. we assume that the weak identification

problem persists regardless of the bandwidth choice.

Theorem 1. Under Assumptions 2 and 3, the following results hold jointly:
(@) B— B —a&sp, where

YT Y (Xt -X)
S0 = (Xt —X")+40

(b) (nh)™' Vs —4 02 (B+Egp) ) (XT— X~ + 0)?, where for b € R,
o’ (b) =0}, +0,+b0 (0, +0.,)—2b(c), +0,,).

(c) Under Hy : B =By, |T (Bo)l —a |Z5] (o(8) o (B+Esy)), where

Y+t—Y - B(Xt—X)
 (B)

Zp= ~ N (0,1).
Remarks. (a) Part (a) of the theorem shows that, due to weak identification, the
FRD estimator B is inconsistent.

(b) According to part (b) of the theorem, the estimator of the asymptotic vari-
ance of FRD VB diverges at the rate nh due to the presence of (&* —27) in the

denominator. However the standard error y/Vj/ (nh) is stochastically bounded in
large samples.

(c) The asymptotic distribution of the ¢-statistic in part (c) is nonstandard. The
marginal distribution of Z4 is standard normal, however, the random variables Z3

and o (6 +¢& 579) are not independent.

Consider a test of Hy : § = 3, against H; : 8 # [, with the nominal asymptotic
size a based on the usual ¢-statistic. The econometrician rejects Hy when |1 (3,)] >
Z1—aj2, Where z1_o/9 is the (1 — a/2)-quantile of the standard normal distribution.

The true asymptotic size is given by

lim P (17 (80)| > #1-aja | 8= 6u) = P <|zm e EESLE ﬂo) -

8



Ifo(B) /o (B +¢ /376) < 1 with probability one, the true asymptotic size is less or equal
to a . In such a case, the test based on T (f3,) is asymptotically valid. For example,
suppose that § = 0 and selection into treatment and outcome are asymptotically

independent, i.e. o, = o, = 0. Since

? + - ot +o-\ !
e 6y~ (1 a0 e )
we obtain that in this case, o (8) /o (8+¢ 576) < 1 with probability one, and con-
sequently the test based on T () is conservative: lim, .o P(|T(8,)| > 21-a/2|8 =
ﬁo) < a.

If on the other hand o (3) /o (ﬁ +¢& 579) > 1 with high probability, one can expect
asymptotic size distortions, i.e. lim, ..o P(|T (8,)] > 21-a/2|8 = By) > «, and that
the usual confidence intervals constructed as 3 + z_q /2 X \/Vs/ (nh) will have the
asymptotic coverage probability less than their nominal coverage 1 —a. For example,
asymptotic size distortions are more likely to occur when the selection into treatment
variable x; and the outcome variable y; are highly correlated. Note that for the
IV regression model, substantial size distortions are reported when the instruments
are weak and the correlation between endogenous regressors and instruments is high
(Staiger and Stock, 1997, page 577).

2.3 Weak identification robust inference for FRD

As it is apparent from Theorem 1, the failure of the standard ¢-test when identification
is weak is due to asymptotic behavior of VB which depends on inconsistent estimator
3. Inconsistency of § generates an extra term o (3) /o (B+¢ 6,6) for the asymptotic
distribution of the t-statistic T'.

Instead of VB» we suggest using the following null-restricted estimator of the as-
ymptotic variance. Consider Hy : = (3, and

f/ﬁ (By) = —62 (Bo) where

(#+ —37)%

G2(b) = G}, +6,,+b (65, +6.,) —2b(6), +6,,).



Further, consider a null-restricted version of the t-statistic based on V (f,):

BB
\/ Vs (B0) / (nh)

Theorem 2. Let Z ~ N (0,1). Under Assumptions 2 and 3, and for a fized constant
6 =8By, [T(8)| ~a|Z+5825].

T (50) =

Remarks. (a) The t-statistic with a null-restricted variance estimator has a standard
normal asymptotic distribution under Hy : § = f3,. For fixed alternatives 5 = 3, + 9,
the asymptotic distribution of T (B,) is noncentral, and one can expect nontrivial
power against such alternatives. As usual in the case of weak identification, there is
no power against local alternatives 8 = 3, + 8/v/nh, as in this case T (3,) —q Z for
all values of . Power of the test depends on the strength of identification € and the
distance from the null 9.

(b) It is easy to show that the result in part (b) remains unchanged in the case
of strong identification ™ — = = # and local alternatives § = 3, + ¢/ vnh. Thus,
when identification is strong, a test based on T (3,) has nontrivial power against local

alternatives.

While the usual ¢-test can have size distortions when identification is weak, a test
based on the t-statistic with the null-restricted standard error remains asymptotically
valid whether identification is weak or strong. The test is to reject Hy when ‘T (60)‘ >
21—a/2-

One can construct a confidence set for J with asymptotic coverage probability
1 — a by collecting the values 3, that cannot be rejected by the T (By) test:

OSi o = {50 €ER: ‘T(@O)‘ < zl_m}. (4)

The confidence set C'S;_, can be easily computed analytically by solving for the
values of 3, that satisfy the inequality

nh(B — Bo)* (% = &7)* = 21_o(8yy + B300s — 26,4aB0) < 0, (5)

A At A— oA oA+ ~
where 6, =0, + 0, Ope = 0, +0

The expression on the left-hand side in (5) is a second order polynomial in f,,.

A . A+ A —
woy and Gy =0 + 0,

10



Depending on the coefficients of that polynomial, the confidence set C'S;_,, potentially
can take one of the following forms: (i) an interval, (ii) the entire real line, or (iii) a
union of two disconnected half-lines (—o0, a;]U [as, 00), where a; < as.? Tt is equal to
the entire real line when the discriminant and the coefficient on /33 in the quadratic
polynomial in 3, in (5) are both negative. The discriminant of that polynomial is
negative when nh(i+ —i_)2(326m —QB&yx+&yy) _Z%—a/z (6220yy — &ZQ/I) < 0, and the
coefficient on 32 is negative when nh(it —27)? — 22 /2022 < 0. When identification
is strong and as the sample size n increases, both the discriminant and the coefficient
on (3 tend to be positive, and therefore, with probability approaching one, C'S;_,
will be an interval when identification is strong.

When identification is weak, however, nh(#" — #7)? approaches a constant 6 and
B —a B+ as n increases. In this case, the confidence set C'S;_,, can be unbounded
with a positive probability. This probability depends on the strength of identification
¢ and is higher for smaller values of |f|. Thus, when 6 = 0, the confidence set C'S;_,

is equal to the entire real line with probability approaching one.

2.4 Relation to the Anderson-Rubin test

The test based on T (,) can be given an interpretation of the Anderson-Rubin (AR)
test (Anderson and Rubin, 1949; Dufour, 1997; Staiger and Stock, 1997). The idea
behind the AR test is to avoid estimation of # and to rely upon the null-restricted
sample moment conditions. In the case of FRD, the identifying population condition
for 3 is

yt—y =Bt —a27)=0. (6)
Consider again Hy : f = 3,. Following the AR approach, one should consider the

asymptotic distribution of the re-scaled sample counterpart of the expression in (6):
S(Bo) = Vnh (§" =4~ — B (27 —a7)).

Under Hy, (6) holds with 5 = f3,, and therefore S (3,) is correctly centered around
zero (asymptotically):

SBo)=Vnh (" =9~ — (yF —y7) =B (@7 =3~ — (aF —27))).

2We show in the appendix that the confidence set C'S;_,, cannot be empty.

11



Since the asymptotic variance of S (f3,) is given by o2 (,), and 62 (f3,) is a consis-

tent estimator of 02 (3,), the resulting asymptotically pivotal AR statistic is then
S(By) /0 (By), however, S (B,) /5 (By) = T (Bo)-

3 Monte Carlo experiment

In this section, we illustrate the problem of weak identification in the FRD model by
a Monte Carlo experiment. In our experiment, the outcome variable y; is generated

according to the following model:

Yi = Yoi + 303,

1(UZ<O), z; <0,
r; =
L(u; <c), 2z >0,

where the outcome without treatment variable 1, and the variable u; are bivariate

()0 (0)

Note that in this setup, u; determines whether the treatment is received, and therefore

normal:

the parameter p captures the degree of endogeneity of the treatment in this exper-
iment. The treatment predictor variable z; is generated to be standard normal and
independent of yy;, u;. The observations are simulated to be independent across #’s.

Let @ (-) denote the standard normal CDF. In this setting, 27 —2~ = ® (¢)—® (0),
and weak identification corresponds to small values of ¢. We use the following values
to generate the data: § = 0, n = 1000, ¢ = 2 for strong identification and ¢ = 0.01
for weak identification, and the values of p = 0.50 and 0.99.

For each Monte Carlo replication, we generate n observations as described above.
Using the bandwidth h = n~1/571/1% and the uniform kernel, we compute 3, Vj,
and the confidence intervals § + Z1—a/2 Vi/ (nh) for a = 0.10,0.05,0.01. We use
10,000 replications to compute the average coverage probabilities of those confidence
intervals, as well as bias and MSE of the FRD estimator.

The results are reported in Table 1. When identification is strong (¢ = 2), the
usual confidence intervals have coverage probabilities very close to the nominal ones.
This is regardless of the degree of endogeneity (p = 0.50 or p = 0.99). The FRD

12



estimator is more biased when p is large.

When identification is weak (¢ = 0.01) and the degree of endogeneity is small
(p = 0.50) the usual confidence intervals include the true value of § with higher than
nominal probabilities. As a matter of fact, the obtained coverage probabilities are
close to one. This finding is consistent with our analytical results, see the discussion
following Theorem 1.

The situation changes when identification is weak (¢ = 0.01) but endogeneity is
strong (p = 0.99). In this case we observe size distortions. For example, the actual
coverage probabilities of the 90%, 95% and 99% confidence intervals are approximately
82%, 87% and 95% respectively. We also repeated the experiment with z; generated
as N (0,10?). In this case, more substantial size distortions were observed, and the
actual coverages of the 90%, 95% and 99% confidence intervals were 76%, 82% and
90% respectively.

When identification is weak, the FRD estimator is also more biased and has large
MSE and standard errors. To investigate further the behavior of the FRD estimator,
its standard errors, and the usual t-statistic, we estimate their distributions. Figure
1 reports the density of 3 estimated by kernel smoothing. It shows that in the case
of weak identification, the FRD estimator B suffers from very heavy tails. Also, when
p = 0.99, the distribution of 3 is bimodal.

The distribution of the standard error 1/Vjs/ (nh) also exhibits heavy tails when
identification is weak. This explains the large values for the average standard errors
under weak identification reported in Table 1. For example, when ¢ = 0.01 and
p = 0.50, the median, 75th percentile, and maximum standard error are 3.98, 13.73,
and 6.97 x 10% respectively. The standard errors are well-behaved when identification
is strong. For example, when ¢ = 2 and p = 0.50, the median, 75th percentile, and
maximum standard error are 0.63, 0.77, and 5.59 respectively.

Lastly, Figure 2 shows the densities of the usual T' statistic estimated by kernel
smoothing. For comparison, we also plot the standard normal density. For p = 0.50
and strong identification, it is apparent that the standard normal distribution is a
very good approximation to the distribution of 7. When p = 0.99, the distribution of
T is slightly skewed to the left, but the normal approximation still works reasonable
well, because there is no substantial deviation of extreme values of the distribution
of T" from those of the standard normal distribution.

Figures 2(c) and (d) show that under weak identification, the distribution of T is

13



very different from normal. It is strongly skewed to the left, however, when p = 0.50
it is also more concentrated around zero. As a result, we do not see size distortions
when identification is weak but the degree of endogeneity is small. The picture changes
drastically when p = 0.99. The distribution of 7" is strongly skewed to the left and no
longer concentrated around zero. As a result, we observe size distortions in this case.

We also computed the simulated coverage probabilities of the weak identification
robust confidence set C'S;_,, introduced in (4) in Section 2.3. We found that regardless
of the strength of identification ¢ and degree of endogeneity p, the simulated coverage
probabilities of C'S;_, were remarkably close to the nominal coverage probabilities:
for the 90%, 95% and 99% confidence sets the simulated coverage probabilities were
90.2%, 95.4% and 99.3% respectively. This supports our claim that the inference
based on the null-restricted statistic 7' (/3,) does not suffer from size distortions and
is asymptotically valid unlike the testing procedures based on the usual ¢-statistic.

The form (and the expected length) of the weak identification robust confidence
set C'S1_, however does depend on the strength of identification. As reported in
Table 2, in the case of a strong FRD, the probabilities for the robust confidence sets
to be equal to the entire real line are very small. Regardless of the value of p, they
were below 1% for the 90% and 95% confidence sets, and approximately 2% for the
99% confidence set. The probabilities for the robust confidence to be given by a
union of two half lines were similarly small. In the case of a weak FRD, unbounded
robust confidence sets were obtained with very high probabilities. Thus, the entire
real line was obtained with probabilities 74%, 86% and 97% for the confidence sets
with nominal coverage of 90%, 95% and 99% respectively.

Appendix A: Proofs of the theorems

Proof of Theorem 1. For part (a), using (1),

: Vnh (55 —§7) = (y" —y ) = BVah (@ —d7) — (@* —a7))

iy Ak (& —3) — &+ —a ) + Vo (o — o)
VAR — ) — 4 — 7)) — VAR (G — i7) — (&t — )
ik (@ — i) — (ot —a ) + 0
—d 55,97
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where the second equality is by Assumptions 3, and the result in the last line is by
Assumption 2 and the Continuous Mapping Theorem.

For part (b), by Assumptions 3,

Gl 4oy, + s (64, +6.5.) — 2B (6,5 +5,.)

nh [(#+ = i) — (@ — ) + 9/\/%]2

(nh)™' Vs =

Gl 46y, + s (61, +6..) —2B(6,, +5,.)
(Vi (@ — &) — e+ —2)) +0]

B+ )
XX+ 07

For part (c), by imposing 8 = [, collecting the results from (a) and (b), and

since convergence in (a) and (b) is joint, we obtain

Y'Y -pX"-X")) (B

T (8y) —asgn (X+ = X7) = (8) o (B+€s0)

where, (Y* — Y~ — 3(X* — X")) /o (B) ~ N (0,1). O

T (8)| =

Proof of Theorem 2. The absolute value of the null-restricted t-statistic

’B — B) /\/f/g (Bo) / (nh) can be written as follows:

Vnh|g® — g~ — By (&7 — 27

5 (o)
VIR| =) ) = B (=) () (5 ) 0/l
- 5 Bo)
68— Ay)
d‘z+ oGy |
]

Appendix B

Here we show that the robust confidence set C'S;_, defined in (4) cannot be empty.
From (5) it follows that for C'S;_,, to be empty, the following two conditions must be
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satisfied:

~A2 ~
nh(2* — &) (0 e — 280ya + Gyy) — 21_0y2 (Gaabyy — 05,) < 0, (7)

nh(@* — i) = 22 G > O (8)

Suppose that the first inequality holds. Since the variance-covariance matrix com-
~92 A
posed of 0., 6,,, and 7, is positive definite, it follows that 8 6,, — 286, +6,, > 0

and 6,0, — 6§x > 0. The inequality in (7) then can be re-written as

o A2 /A
Oyy — 00, ]C
At A2 2 4 yy ~ Oya/Oax
nh(:v —x) < Zl_a/QO-ImAQ

Ogx — 265-y:v + 5-yy
2 ~ (5-1/3:/ V 5-:1333 - B\/ 63:3:)2
6 a-xa: - 2663155 + a-yy

2 A

It follows that the two inequalities (7)-(8) cannot be true together.
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Table 1: Simulated coverage probabilities of the confidence intervals constructed as
estimate £ constant x standard error, and bias, root MSE, and average standard
error of the FRD estimator

identification endogeneity nominal coverage simulated coverage  bias  root MSE std.err.
strong p = 0.50 0.90 0.9307 0.0557 0.7100 0.6987
0.95 0.9710
0.99 0.9951
strong p=0.99 0.90 0.9264 0.1114 0.8021 0.7360
0.95 0.9563
0.99 0.9858
weak p = 0.50 0.90 0.9803 -1.0765  72.2496  2.1235 x 10°
0.95 0.9927
0.99 0.9995
weak p=0.99 0.90 0.8219 -0.1356  133.3221  1.3184 x 10*
0.95 0.8749
0.99 0.9459
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Table 2: Simulated probabilities for the weak identification robust confidence set
C'S{_, to be the entire real line or a union of two disconnected half-lines

identification endogeneity nominal coverage entire real line two half-lines

strong p=0.50 0.90 0.0017 0.0033
0.95 0.0046 0.0080
0.99 0.0213 0.0271
strong p=0.99 0.90 0 0.0061
0.95 0.0004 0.0122
0.99 0.0025 0.0455
weak p = 0.50 0.90 0.7441 0.1579
0.95 0.8581 0.0953
0.99 0.9719 0.0211
weak p=0.99 0.90 0.7444 0.1578
0.95 0.8599 0.0963
0.99 0.9707 0.0227
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(c) Weak identification, p = 0.50

20

Figure 1: Kernel estimated density of the FRD estimator under strong and weak
identification for different values of the degrees of endogeneity p
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Figure 2: Kernel estimated density of the T' statistic (solid line) under strong and
weak identification for different values of the degrees of endogeneity p against the
standard normal PDF (dashed line)
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